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Level Set Photonic Quasicrystals with Phase Parameters
A systematic study of the photonic band gap (PBG) properties of 8-, 10- and 
12-fold rotational symmetric quasicrystals (QCs) defined by level set equa-
tions with various phase parameters is reported. The optimized filling ratios 
corresponding to the largest PBGs for 19 types of QCs are found, which are 
useful for photonic QC fabrication design. The impact of filling ratio, rota-
tional symmetry, and experimental fabrication parameters on the resultant 
PBGs are studied via PBG maps calculated by finite-difference time-domain 
(FDTD). Large area, high quality 8-, 10-, and 12-fold quasicrystalline pattern 
fabrication using multiple exposure interference lithography (MEIL) is also 
demonstrated.
1. Introduction

Quasicrystals (QCs) are interesting aperiodic crystals with rota-
tional symmetries forbidden in conventional periodic crystals. 
QCs break translational periodicity while maintaining a well-
defined and long-range ordered structure, as evident from their 
diffraction spectra consisting of sharp peaks.[1] Two-dimen-
sional (2D) photonic QCs, first proposed in 1998,[2] have higher 
rotational symmetries than photonic crystals and demonstrate 
interesting optical properties including isotropic photonic band 
structures,[3,4] defect-free localized modes,[5–7] multiple band 
gaps,[8,9] and the possibility to open a photonic band gap (PBG) 
at quite low refractive index contrast.[10,11] Therefore photonic 
QCs are excellent candidates for various photonic applications, 
including lensing,[12] waveguiding,[13–16] negative refraction,[17] 
nonlinear interaction,[8,18] optical fiber devices,[19] plasmonics,[20] 
photonic gels[21,22] and energy applications.[23,24] An impor-
tant subgroup of QCs are those defined by level set equations, 
since these can be fabricated by multiple exposure interference 
lithography (MEIL).[25–30]

In this letter, we systematically study the PBG properties 
of 8-, 10- and 12-fold rotational symmetric QCs defined by 
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level set equations with nine different 
phase parameters. Compared to previous 
studies,[9,31] the current work is more 
comprehensive: various phase parameters 
and a wide filling ratio range (0.02 to 0.98) 
are investigated. The local density of states 
(LDOS) plots for corresponding QCs are 
assembled to 19 PBG maps to indicate the 
influence of filling ratio, symmetry, and 
experimental parameters on the associ-
ated PBGs. The optimum filling ratios for 
QCs of 19 types (nine phases and three 
rotational symmetries) for large PBGs are 
found. We also demonstrate large area, 
high quality QC pattern fabrication via 
MEIL and reactive ion etching (RIE).

2. Theoretical and Experimental Results

The numerical representation of PQC structures is achieved 
by starting with a model for the 2D spatial distribution of light 
intensity I(x, y) which is obtained during multiple exposures 
of one dimensional (1D) fringe patterns from 2-beam inter-
ference, with a fixed sample rotation after each exposure. The 
intensity pattern obtained from interference of two beams is a 
one dimensional (1D) periodic fringe pattern:

I(x, y) = 2I0


1 + cos(kxx + ky y)


	 (1)

In Equation (1), I0 is the light intensity of the beam and 
k = (kx, ky ) indicates the fringe pattern orientation. Here we 
assume I0 = 1. The light intensity distribution for N  exposures 
with a fixed rotation between each exposure is:

I(x, y) = 2N +
N−1

i= 0

2 cos

2πx cos(π i


N)


a + 2πy sin(πi


N)


a + ϕ



 

� (2)

The rotational symmetry of the associated QC after N  
exposures is 2N . Since high rotational symmetries involve 
increasing fabrication difficulties due to a reduced structural 
contrast associated with large number of exposures, we focused 
our studies on QCs with N < 7. For N = 1, 2, 3, the structures 
are periodic. For N = 4, 5, 6 , the structures are quasiperiodic 
with 8-, 10-, and 12-fold rotational symmetries respectively. 
In Equation (2) a is a characteristic unit length and ϕ  is the 
phase parameter (0 ≤ ϕ ≤ π). The phase parameter ϕ indicates 
the relative position between sample rotational center and the 
fringe pattern. For example, ϕ = 0 indicates the rotation center 
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Figure 1.  8-fold rotational symmetric QC. L S  indicates that the structure 
is generated from level set Equation (2). The rotational symmetry of the 
structure is 2N. f  denotes the filling ratio of the structure. The filling ratio 
is selected for the largest TM PBG. The phase parameter ϕ is not involved 
here because the morphology of the 8-fold rotational symmetric QC is not 
impacted by the phase parameter.

Figure 2.  Various 10-fold rotational symmetric QCs. ϕ  is the phase parameter 
is at the highest light intensity position of the fringe pattern 
and ϕ = π indicates the rotation center is at the lowest light 
intensity position. The morphology of 8-fold rotational sym-
metric QC is not impacted by the phase parameter. Nine repre-
sentative phase values between 0 and π (i.e. 0 π, 0.125 π, 0.25 π, 
0.375 π, 0.5 π, 0.625 π, 0.75 π, 0.875, 1 π) are examined for ten-
fold and twelve-fold rotational symmetric QCs. For negative 
photoresist, the dielectric material occupies all locations where 
I(x, y) > Icut while air fills the rest of the space. Here Icut cor-
responds to the photoresist development threshold. By varying 
the exposure dose, we can numerically represent structures 
with different fill ratios. Some representative QCs are shown 
in Figure 1 (8-fold rotational symmetric QC), Figure 2 (10-fold 
rotational symmetric QCs) and Figure 3 (12-fold rotational sym-
metric QCs).

For positive photoresist in MEIL, if f (x, y) < t, position 
(x, y) is occupied by material; if f (x, y) > t , position (x, y) is 
occupied by air. The structure with phase parameter ϕ  from 
the above definition is the same as the structure with phase 
parameter π − ϕ from the definition of negative photoresist, so 
we only need to discuss negative photoresist.

The absence of translational periodicity in photonic quasic-
rystals makes the theoretical prediction of their optical prop-
erties much more difficult than in the case of photonic crys-
tals. The finite-difference time-domain (FDTD)[32–34] approach 
to solve Maxwell’s equations is particularly well suited for 
1151wileyonlinelibrary.combH & Co. KGaA, Weinheim

in Equation (2). f  denotes the optimized filling ratio for the largest TM PBG.
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Figure 3.  Various 12-fold rotational symmetric QCs.
investigating PBG formation in quasicrystals,[10,35] because it 
allows the modeling of the optical properties of materials with 
arbitrary size, shape, and composition. The PBGs of the struc-
tures in Figure 1,  2 and 3 were thus determined from the local 
density of states (LDOS) maps[36–38] computed via FDTD.[34,39] 
152 wileyonlinelibrary.com © 2012 WILEY-VCH Verlag G

Figure 4.  PBG map for 8-fold rotational symmetric QCs.
Here we assume the constitutive materials are silicon and air 
(ε2 : ε1 = 13 : 1). The transverse electric (TE) PBGs of the QCs 
in Figure 1 through 3 are trivial; therefore we focus on trans-
verse magnetic (TM) PBGs in this work. The TM PBG maps 
for 8-, 10- and 12-fold QCs are shown in Figure 4, 5, and 6. In 
a PBG map, a continuous low LDOS region along the vertical 
frequency axis indicates a PBG. According to such maps, the 
PBGs at different filling ratios can be easily interpreted. Fur-
ther, multiple gaps are shown, which offer the possibility for 
nonlinear interactions in a photonic cavity.[8] The largest TM 
PBGs observed and the associated optimized filling ratios for 
each type of QCs are shown in Table 1.

We fabricated 2D photonic QCs with 8-, l0-, and 12-fold rota-
tional symmetries using MEIL.[27–30] What distinguishes our 
results from those reported earlier,[40,41] is a ultra-large sample 
size (up to 2 cm2), better pattern quality, a reduction in the fea-
ture size to 100  nm, along with higher rotational symmetry. 
The accurate fabrication of QCs at this small length scale, is 
enabled by the use of an ultra stable Lloyd’s mirror interfer-
ometer, a short wavelength laser (325 nm HeCd UV laser), and 
an optically absorbing anti-reflection coating (ARC)[42] under-
neath the photoresist for accurately recording the low contrast 
interference pattern. Typical total exposure time is 10 min. The 
stability of the long exposure comes from high laser quality, 
mbH & Co. KGaA, Weinheim Adv. Funct. Mater. 2012, 22, 1150–1157
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Figure 5.  PBG maps for 10-fold rotational symmetric QCs.
the Lloyd’s mirror geometry, and the vibration isolation table. 
The detailed process is shown in Figure 7. The diagram of the 
Lloyd’s mirror interferometer is shown in Figure 7a. The laser 
beam passes through a spatial filter, and expands over a dis-
tance of 2 meters, then reaches the sample holder. One dimen-
tional interference pattern is obtained between the reflected 
portion of the expanded beam and a portion of the beam that 
is incident directly on the sample substrate holder. The sample 
stage assembly, which is shown in Figure 7b, is placed on a 
high accuracy rotation stage. By rotating the stage, and thus 
changing the incidence angle (θ), as shown in Figure 7c, the 
spatial period of the interference pattern (P) can be readily 
changed:

P = λ


2 sin(θ )	 (3)

The sample structure is shown in Figure 7d. The two layers 
between the 1.5 μm SiO2 layer and the photoresist are ARC[42] 
and a 20  nm pattern transfer interlayer. The function of ARC 
is to minimize the reflection at the bottom interface of the 
photoresist layer. The pattern transfer interlayer placed between 
the photoresist and ARC improves the fidelity with which the 
quasicrystal pattern is transferred into the 1.5 μm SiO2 layer. 
This is achieved by choosing an interlayer material that is not 
© 2012 WILEY-VCH Verlag GAdv. Funct. Mater. 2012, 22, 1150–1157
affected by typical etching processes used for structuring both 
the photoresist and the ARC layer. Here we use a 20 nm SiO2 
interlayer. Dry etching is used to “project” the photoresist struc-
ture into the 20 nm thin SiO2 interlayer (C F3H  RIE), and then 
the structure is transferred into the organic material based 
ARC layer using RIE with O2 plasma. The process is shown in 
Figure 7d–i, with SEM images of actual samples produced in 
the case of line gratings (one exposure).

In Figure 8, we show a 2D quasiperiodic pattern with 10-fold 
rotational symmetry, obtained by 5 exposures. Good corre-
spondence of the 2D decagonal quasiperiodic structure pro-
duced by IL with the mathematical Penrose tiling, comprising 
two rhombohedral motifs (acute angles of 36° and 72°), is evi-
dent. MEIL allows the high quality fabrication of 2D quasiperi-
odic structures over large areas. As an example, Figure 9 shows 
the SEM image of a 40 μm × 60 μm portion of a 2D octagonal 
quasicrystal of a 2 cm2 area fabricated by 4 exposures with 45° 
rotations.

The advantage of MEIL for fabricating 2D QCs with various 
rotational symmetries is presented in the Figure 10, where 
three kinds of quasicrystals were readily fabricated just by 
changing the number and corresponding angles of rotations. 
In all three cases, line gratings with 300 nm periods were 
recorded in each exposure. The simulation patterns predicted 
1153wileyonlinelibrary.commbH & Co. KGaA, Weinheim
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Figure 6.  PBG maps for 12-fold rotational symmetric QCs.

Table 1.  The largest TM PBGs according to the PBG maps. Here f  is the filling ratio corresponding to the largest TM PBG.

QC type f ω (lower) a/2π c ω (upper) a/2π c ω (middle) a/2π c Δ ω/ω (center)

LS _N = 4 0.18 0.22 0.32 0.27 37.0%

LS _N = 5_ φ = 0 π 0.24–0.38 around 0.21 around 0.28 around 0.245 around 28.5%

LS _N = 5_ φ = 0.125 π 0.22 0.22 0.295 0.2575 29.1%

LS _N = 5_ φ = 0.25 π 0.14 0.236 0.3265 0.28125 32.2%

LS _N = 5_ φ = 0.375 π 0.12 0.255 0.3525 0.3038 32.1%

LS _N = 5_ φ = 0.5 π 0.14 0.238 0.3266 0.2823 31.4%

LS _N = 5_ φ = 0.625 π 0.14 0.235 0.3375 0.2863 35.8%

LS _N = 5_ φ = 0.75 π 0.2–0.28 around 0.21 around 0.28 around 0.245 around 28.5%

LS _N = 5_ φ = 0.875 π 0.18 0.2175 0.32 0.26875 38%

LS _N = 5_ φ = π 0.12 0.235 0.3425 0.289 37.2%

LS _N = 6_ φ = 0 π 0.14 0.225 0.34 0.2825 40.7%

LS _N = 6_ φ = 0.125 π 0.18 0.22 0.3225 0.271 37.8%

LS _N = 6_ φ = 0.25 π 0.26 0.2 0.31 0.255 43.1%

LS _N = 6_ φ = 0.375 π 0.22 0.21 0.315 0.2625 40%

LS _N = 6_ φ = 0.5 π 0.22 0.216 0.318 0.267 38.2%

LS _N = 6_ φ = 0.625 π 0.26 0.26 0.3075 0.284 16.7%

LS _N = 6_ φ = 0.75 π 0.24 0.2626 0.3284 0.2955 22.26%

LS _N = 6_ φ = 0.875 π 0.2 0.2725 0.4175 0.345 42%

LS _N = 6_ φ = π 0.1–0.2 around 0.285 around 0.447 around 0.366 around 44%
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Figure 7.  a) Configuration of the Lloyd’s mirror interference lithography system. b) Sample holder assembly, showing the rotation axis for changing 
the grating periodicity, and the axis around which the substrate is rotated during MEIL. c) Rotating the entire stage assembly changes the incidence 
angle and thus the periodicity of the recorded gratings. d) The initial sample stack is composed of 200 nm photoresist, 20 nm SiO2 and 200 nm organic 
ARC material, on a 1.5 μm thermal oxide coated silicon wafer substrate. e) The developed photoresist structure; f) the SiO2 interlayer is etched with 
C HF3 RIE using the photoresist as a mask; g) the pattern is further transferred into ARC by etching with O2 RIE using the SiO2 caps as a mask; h) the 
pattern is finally transferred to the SiO2 substrate by C HF3 RIE etching using the ARC as a mask; i) the final sample is obtained by stripping the ARC 
mask with O2 plasma.
from Equation (2) match with the experimental results. Struc-
tural defects are seen, e.g., features which are connected and 
thus not fully photo-developed (Figure 10a). This is a result 
of development of the photoresist in regions of low contrast 
© 2012 WILEY-VCH Verlag GmAdv. Funct. Mater. 2012, 22, 1150–1157

Figure 8.  Plane view SEM image of a Penrose-like decagonal 2D quasipe-
riodic pattern etched in SiO2. Areas with local 5 and 10 fold rotational 
symmetries are emphasized, and a portion of a Penrose tiling pattern 
is overlaid on the sample image (right side in yellow). The inset figure 
shows an edge-on SEM image of the same sample, where the height of 
the posts is 240 nm. The structure was obtained by 5 exposures with 36° 
rotations of the 300 nm period line gratings.
from the four superposed exposures. Furthermore, some 
thin regions in the simulation pattern (below 50 nm) are 
either washed off during photoresist development or suffer 
from incomplete photoresist development and are somewhat 
thicker. For example, the central circular features in Figure 10c 
are either broken or thicker than the simulation result shown 
below in Figure 10f. However, the uniformity of the structures 
are remarkably high, as shown in Figure 8 and Figure 9.
1155wileyonlinelibrary.combH & Co. KGaA, Weinheim

Figure 9.  Large area (∼40 μm × 60 μm), plan view SEM image of an octag-
onal 2D quasiperiodic silica structure obtained by 4 exposures of line grat-
ings with 300 nm periodicity, and subsequent rotations with 45°.
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Figure 10.  Plane view SEM images of 2D octagonal (a), decagonal (b), and dodecagonal  
(c) quasiperiodic structures produced by MEIL with N = 4, 5, and 6. Views of the central axis 
show 8 mm, 10 mm, and 12 mm point symmetries. (d), (e), and (f) are our simulation results 
from Equation (2). The theory and experiment match very well.
3. Conclusions

In conclusion, the PBG properties of 8-, 10- 
and 12-fold QCs with nine different ϕ param-
eters and wide filling ratios (0.02–0.98) are 
discussed. We have found the largest TM 
PBGs of 8-, 10- and 12-fold QCs for different 
ϕ parameters, which are shown in Table 1.  
Large area and high quality 8-, 10-, and 
12-fold rotational symmetric QCs with ∼100 
nm features made by MEIL are also demon-
strated. We anticipate that this work provides 
guidance for future fabrication of photonic 
QC devices.

4. Experimental Section
The FDTD calculation of the PBG maps: a large 
portion of each type of QC is selected as the 
computation domain with perfectly matched layers 
at the boundaries. A set of randomly distributed 

radiating dipoles in the central area introduces electromagnetic waves 
to the computational domain and four hundred detectors are equally 
spaced along the perimeter. The detectors collect the transmission 
spectra, which represents the LDOS.

Fabrication of photonic QCs: the silicon wafer is thermal oxide-
coated with a 1.5  µm SiO2 layer. The ARC is a 220  nm thick BARLi 
I-line antireflection layer from AZ Electronic Materials. The 20  nm 
pattern transfer interlayer is deposited by e-beam evaporation and the 
photoresist used is the PFI-88 A3 positive photoresist from Sumitomo 
(Sumika) Chemical. The laser source used in MEIL is a 40  mW HeCd 
laser outputting TEM00 mode (325 nm wavelength). After the multiple 
exposures and substrate rotations, the photoresist was developed 
in Microsoft MF CD-26 for around 60 seconds. The quasicrystalline 
photoresist pattern was transferred into the SiO2 layer via several RIE 
steps performed in a Plasma Therm Model 790. The detailed RIE process 
is shown in Figure 7.
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